We construct a new version of the effective average action together with its flow equation. The construction entails in particular the consistency of fluctuation field and background field equations of motion, even for finite renormalization group scales. Here we focus on the quantum gravity application, while the generalization of this idea to gauge theories is obvious. Our approach has immediate impact on the background field approximation, which is the most prominent approximation scheme within the asymptotic safety scenario. We outline the calculation of quantum gravity observables from first principles using the new effective average action.
I. INTRODUCTION
After more than 100 years of Einsteins theory of general relativity the search for the quantum theory of gravity is still one of the most important open problems in theoretical physics. Many different approaches are trying to shed light on this problem from various perspectives. Ultimately the fate of the various quantum gravity models is decided by experiments. Therefore, all these approaches have to make pre-or postdictions at some point. In this work we outline a practical method to calculate observables within the asymptotic safety scenario for quantum gravity [1, 2] .
To calculate observables of any theory of quantum gravity the expectation value g of the metric is of particular interest.
1 In order to derive g from first principles one has to solve the quantum equations of motion,
where Γ is the quantum effective action of gravity. Observables are then derived by combining the on-shell npoint correlators, Γ (n) [ g ] , into gauge invariant objects. Doing this for quantum gravity one can analyze the curvature invariants inside a black hole, to see what happens to the singularity, or one can study the time evolution of the metric to investigate cosmological inflation [3, 4] .
One of the key goals of asymptotic safety is the derivation of the effective average action Γ k , which in the physical limit, k → 0, approaches the quantum effective action, Γ k k→0 −→ Γ. This derivation involves two main steps: one first needs to find the eponymous asymptotically safe fixed point in the ultraviolet and in the second step one has to integrate the renormalization group flow down to the infrared leading to Γ. Under certain circumstances, e.g., for single scale problems, one can use Γ k also for finite scales k instead of integrating down completely. The reason is, that in these cases the flow of the relevant correlators essentially stops shortly below the present physical scale.
In the literature the by far most used approximation scheme is the background field approximation, [2, 5] . The main advantages are its seemingly manifest diffeomorphism invariance and a manageable amount of necessary calculations. So it was, e.g., possible to demonstrate that asymptotic safety actually is safe against the famous Goroff-Sagnotti counter term, which was believed to spoil the ultraviolet fixed point, as it marks the failure of perturbative quantum gravity, [6] . Despite the widespread use of the background field approximation, it still is an approximation. By now there are several works pointing towards quite some tension between proper fluctuation field calculations and the background field approximation, cf. [7] , [8, 9] , [10] [11] [12] and [13] . These discrepancies are expected at least for nonzero renormalization group scales k, due to nontrivial split Ward identities, cf. equation (8) and [14] . Unfortunately, as discussed above, this is exactly what one would like to do: use Γ k for finite scales k.
The reason why one actually has to track two separate fields is as follows. One can artificially split the full metric g into a background metricḡ and a fluctuation field h by g =ḡ + h.
2 This simple split gets broken, due to the need for gauge fixing and regularization. Therefore naively Γ k is a function ofḡ and h separately, even though these fields are actually related by the nontrivial split Ward identities (8) . This is nothing special to gravity, the same idea applies to gauge theories in the background field formulation, cf. [5, 14, 15] . However there, other than in gravity, one does not have to introduce a background.
In the literature there are essentially two kinds of approaches trying to investigate the separate dependence of Γ k onḡ and h. The one kind deals with solving the split Ward identities in order to formulate the theory in terms of only one field, [16] [17] [18] [19] [20] [21] [22] [23] [24] . The other uses the fact, that if these split Ward identities are satisfied at a single renormalization group scale, then they are satisfied for all scales, if the flow is carried out in an exact manner. Therefore, one can in a first step forget about the identities and simply study the theory involving both fields, while at the end only making sure that the split Ward identities are satisfied in the infrared, [25] [26] [27] [28] [29] [30] [31] [32] . Let us mention that there are also some geometric approaches, trying to deal with the separate dependence on the background and the fluctuation field in an explicitly gauge invariant manner [33] [34] [35] [36] [37] .
In this letter we follow a new direction en route to the above problem. We present a simple modification of the standard effective average action in section II. It guarantees that the equations of motion for the background field are compatible with the true quantum equations of motion of the full quantum field. Furthermore, this modification leads to several nice properties of the effective average action, cf. section III. In particular we find a simple relation between the pure background effective average action and the remainder, which then also involves the fluctuation field. That is to say, a certain subset of the split Ward identities can be cast in a comparatively simple form. In this way we help to improve the understanding in both directions, solving the split Ward identities on the one hand and the study of both fields independently on the other hand.
The remainder of this section I can be safely skipped by readers not familiar with the functional renormalization group. We consider here the calculation of the expectation value of the metric, g k , to illustrate how the modification of the effective average action works. As g k itself is not an observable, explicit calculations will depend on the choice of the background. However, it is to be expected that one gets a good estimate if one chooses the background such, that the expectation value of the fluctuation field vanishes [38] . This then corresponds to an expansion about the solution of the equations of motion. In this case the background field and the expectation value of the metric are identical. Hence, the defining equation for g k is
The new idea is to modify the effective average action Γ k , such that the equations of motion for h andḡ are compatible at finite renormalization group scales k, without changing the quantum physics, i.e., the dynamics of h. We show in section II, that this can be achieved by definingΓ k as the Legendre transform, whereŴ k is a properly normalized Schwinger functional,
with the partition function Z k , cf. equation (10) .
in the definition of the Schwinger functional (4). AsΓ k is built up entirely of elements already present in the standard formulation, the new flow equation is rather similar to the standard one, cf. equation (17) .
It is important to note, that the normalization Z k [0;ḡ] in equation (4) only depends on the background. Therefore it does not have an impact on the fluctuation correlators containing the physics,
One can check that this additional background term ensures that the solution, g k , of equation (2) also is a solution of the analogous equation for the background field,
Therefore, instead of calculating the expectation value of the metric using the fluctuation field, equation (2), we can equivalently use the background field, equation (6) . Thus in future work one can improve the background field approximation by usingΓ k .
II. RENORMALIZED FRG
The asymptotic safety scenario relies on the idea of an interacting ultraviolet fixed point for quantum gravity. Therefore a perturbative treatment is no option. One way to investigate the properties of such an interacting fixed point is the study of the effective average action, Γ k , together with the exact flow equation, cf. [2, 39] ,
This equation is an explicit implementation of Wilson's renormalization group idea of integrating out the momenta shell-by-shell. Due to the specific properties of the regulator R k the flow of Γ k is driven by modes close to the renormalization group scale k. For k → 0 the regulator vanishes and the effective average action approaches the full quantum effective action, Γ k k→0 −→ Γ. By definition the information about quantum physics is contained in the correlators of the fluctuation field, while the background field is just a technical aid. As discussed earlier the simple linear split, g =ḡ + h, is broken due to the presence of the gauge fixing, S gf , the ghosts, S gh , and the regulator,
Here the · J g denotes the expectation value in presence of the sources, J, and the background field,ḡ. Due to the above identities the deviation of fluctuation and background field derivatives is only determined by unphysical terms, i.e., the regulator and the gauge fixing. Hence, the difference drops out when observables are calculated in the limit k → 0. Therefore, once we have Γ[h;ḡ], we can restrict ourselves to the gauge invariant functional Γ[0; g] and use this to calculate all the observables. This insight lies at the heart of the background field approximation. Furthermore, one can show that the right hand side of equation (8) essentially corresponds to the background field derivative of the partition function Z k ,
The partition function is defined as
where S cl is the diffeomorphism invariant classical action, and ∆ FP is the Faddeev-Popov determinant. This partition function is background independent when evaluated at k = 0 for vanishing sources, J = 0. 4 By definition the sources, J, vanish when they are evaluated on-shell. Therefore we find the anticipated compatibility of the equations of motion for the background and the fluctuation field in the limit k → 0, [32, 40] ,
However, from equation (8) it is apparent, that the compatibility cannot hold for finite values of k. The problem is the unavoidable separate fluctuation field and background field dependence of the regulator ∆S k . We propose to bypass this problem, by modifying the background field dependence of the effective average action, while leaving the fluctuation field dependence untouched. The usual effective average action is defined as the Legendre transform of the Schwinger functional,
4 As we discuss in section III this is not quite true for quantum gravity. The gauge-fixing procedure introduces a background dependent normalization into the path integral, leading to a slightly different definition of a background independent partition function, cf. equation (19) .
The crucial step now is to use the normalized Schwinger functionalŴ k , cf. equation (4) . We immediately see, that we only added a background dependent term. Hence, if we calculate an observable using the fluctuation field, we take derivatives ofŴ k with respect to the source J and this additional piece immediately drops out. However, if we use the background field to calculate an observable the second piece contributes, while still dropping out for k → 0, due to the background invariance of the partition function. Using this normalized Schwinger functional leads to a normalized effective average actionΓ k ,
where the background dependent field h k [ḡ] is the solution to the quantum equations of motion at some finite renormalization group scale k,
.
The presence of the regulator, ∆S k , ensures that the sources appearing in the partition function also vanish for finite values of k and for arbitrary backgroundsḡ.
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The above definitions lead to the split Ward identities in terms ofΓ k ,
It is now straightforward to see that the equations of motion of the fluctuation field and the background field are compatible also for finite k, since J vanishes on-shell,
Considering the quantum equations of motion (14) for finite k, one might wonder about the impact of the regulator. As the regulator is unphysical, it seems desirable to eliminate it from this equation. Since it is quadratic in the fluctuation field, this thought suggests a preferred background, namely g k , cf. equation (2) . This is the background for which the solution to the quantum equations of motion, h k [ḡ], vanishes, leading us to equation (6) . Finally let us look at the flow equation forΓ k . We already established equation (13) . Hence, we get the flow ofΓ k by taking the logarithmic k derivative and then use the standard flow equation (7) together with the on-shell condition (14) while also noting (5),
Here the first line is the standard flow equation and is the only piece that depends on the fluctuation field. The second and third lines are the new terms, accounting for the compatibility of fluctuation field and background field equations of motion.
III. FEATURES OFΓ k
The newly achieved compatibility leads to a plethora of very nice properties of the effective average action, [41] . As a first example we consider the limit k → ∞. In some cases, due to the divergence of the regulator, R k k→∞ −→ ∞, the method of steepest descent is applicable to evaluate the path integral of the partition function. We note that the normalization Z k [0;ḡ] in equation (4) leads to a well defined k → ∞ limit ofΓ k . The problem for Γ k is that there appears an ill defined and background dependent prefactor in the partition function,
. This cumbersome prefactor exactly cancels out forΓ k . The normalization Z k [0;ḡ] has another appreciated benefit. It implies that every possible purely background dependent modification of the path integral measure automatically drops out in equation (4) . This is particularly useful for quantum gravity, as the standard inclusion of the gauge fixing (10) 
, where L ε is the Lie derivative in ε direction. This factor 1 is then inserted into the path integral and one further integrates over the arbitrary vector field C with an exponential weight,
order to transform the delta distribution into the standard gauge-fixing action. The integration introduces the background field dependent ultralocal normalization
. This normalization is necessary as the exponential weight is designed to ensure the background-gauge invariance, and thus needs to depend on the background metric, leading to
Therefore, the properly gauge fixed and background invariant partition function reads,
where the gauge-fixing action is given by
We stress, that the normalization N [ḡ] is important to ensure the background invariance of the partition function, but usually is neglected, cf. equation (10) . Such ultralocal terms are commonly disregarded, as they do not contribute, when one is using dimensional regularization. However, how far this also applies to the functional renormalization group is not clear. In particular it seems that the equations of motion for the fluctuation field and the background field in terms of Γ can only be compatible, if the normalization N [ḡ] is taken into account. Nevertheless, as discussed above, this is automatically taken care of in the normalized effective average actionΓ k . Another nice property of the new effective average action is the proper on-shell normalization in the following sense. One can show that the on-shellΓ k has a simple form for all values of k,
By taking repeated functional derivatives with respect to the background field, one casts a certain subset of the split Ward identities in a particularly simple fom. This subset relates the pure background on-shell n-point functions,Γ
;ḡ], to the mixed fluctuation and background (r; s)-point functions,Γ (r;s) k h k [ḡ];ḡ , with r ∈ {1, . . . , n} and s ∈ {0, . . . , n − r}. Using this, one can establish an improved vertex expansion, around the on-shell configurations of the theory. Hence, we can derive the flow of the vertices entering the calculation of observables, namely the on-shell vertices, in contrast to the vertices at some arbitrary field configuration, as in the standard vertex expansion.
Let us sketch, why the direct calculation of on-shell vertices is a very important task already for only capturing the correct qualitative quantum behavior of gravity. One of the central objects for deriving quantum effects is the quantum propagator as it enters in all diagrams. In particular points in theory space where it is enhanced usually correspond to strong quantum effects. To be precise let us consider the transverse-traceless part of the graviton propagator for the Einstein-Hilbert action, including a cosmological constant, evaluated on a maximally symmetric background,
. Here ∆ is the covariant Laplacian,R is the Ricci scalar and Λ is the cosmological constant. When regularized in the functional renormalization group, we essentially replace ∆ by k 2 . This leads to the well known pole of Λ = k 2 2 in theory space, when we evaluate this propagator on a flat background. In particular already coming close to this pole leads to a strong enhancement of quantum gravity effects. However, if we now do the same analysis around the on-shell background, i.e.,R = 4Λ, we find As the position has changed drastically, particularly even the sign has changed, the qualitative behavior of the propagator is very sensitive in this respect. This observation is of particular interest for a cosmologically viable renormalization group trajectory. Due to the naive pole at Λ = k 2 2 it seems that we cannot connect the ultraviolet fixed point to a finite positive cosmological constant within the background field approximation, cf. [42] . However, we have argued that the location of this pole might be an artifact of not expanding around the on-shell background, resolving this problem.
Another important point is again related to the propagator and in particular to gauge symmetry. From standard quantum field theory textbooks we know, that the not gauge fixed propagator has zero modes. In fact this is the practical reason we need to gauge fix. Let us consider the inverse propagator of Einstein-Hilbert in flat space,
where we used (Π TL )
In order to derive the propagator we have to invert the above expression. Naively we would expect that we cannot do this, due to the presence of zero modes related to the gauge symmetry. However, an explicit computation reveals that there is no problem in deriving the inverse, as long as
To see why this is the case, we consider the gauge invariance of the Einstein-Hilbert action,
By taking another functional derivative with respect to the metric we find
As expected the zero mode of S
EH is in the gauge direction L ε g. However, it only is a zero mode, if the second term in equation (25) vanishes. This is the case, when we go on-shell. As the flat background is no solution to the equations of motion for nonvanishing Λ, we don't have a zero mode in S (2) EH . However, when switching off the cosmological constant, then the flat background is a solution, and we see a divergence in the propagator (23) . Therefore, only the expansion around an on-shell background leads to the from gauge symmetry expected zero modes. In conclusion: the normalized effective average action,Γ k , is perfectly suited for quantum gravity calculations, as it introduces a certain on-shellness into the flow equation by the presence of h k [ḡ] in equation (17) .
IV. OUTLOOK
In this paper we have developed a normalized effective average action together with its flow equation. It is designed such that the background field and the fluctuation field equations of motion are compatible even for finite renormalization group scales. Doing so we paved the way for improved calculations tackling various problems in quantum gravity.
A first application could be to study the impact of the new terms in the flow equation within the background field approximation. Using this one might be able to lift some of the observed tensions between the background field approximation and the fluctuation field calculations. At the same time, these improved calculations can be used to strengthen results already derived in the background field approximation. There a particular focus could lie in the expectation value of the metric, g k , in order to study the quantum gravity effects on the singularity of a black hole or on inflation.
Furthermore, one can go beyond the background field approximation, and use this improved compatibility of fluctuation field and background field dependence ofΓ k . In this direction, one can either try to use the simplified split Ward identities, discussed in section III, in order to restrict the theory space, or one can setup an assisted level-one improvement in a mixed fluctuation and background field calculation, cf. [13] . Similarly one can make use of the on-shell background, g k , in order to set up an on-shell vertex expansion. The latter is of particular interest for quantum gravity as the nontrivial background definitely plays a crucial role, already for the qualitative quantum behavior.
Finally let us note, that this approach of properly normalizing the effective average action also works more generally, i.e., for every theory where a nontrivial background is of help. Thus the benefit for gauge theories or theories with nontrivial vacua is immediate. Particularly the vertex expansion about an on-shell background allows for the direct derivation of the vertices entering in the calculation of observables and therefore constitutes an important step for the functional renormalization group framework.
